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ABSTRACT 

The precondi t ion ing  technique has gene ra l ly  been accepted as an 

e f f i c i e n t  procedure f o r  acce le ra t ing  t h e  ra te  of convergence of an 

i t e ra t ive  method. One of t h e  well-known examples i s  t h e  precondi t ioned 

vers ion  of t h e  conjugate  grad ien t  method f o r  t h e  s o l u t i o n  of systems of 

l i n e a r  equat ions.  

condi t ion ing  technique f o r  t ransonic  flow problems , i n  which t h e  

governing equat ions  are nonl inear  and of mixed e l l i p t i c -hype rbo l i c  type.  

Two i te ra t ive  methods are presented,  which are based on us ing  a precon- 

d i t i o n e d  conjugate  g rad ien t  algorithm. Numerical r e s u l t s  are repor ted  

which show t h a t  t h e  p re sen t  methods are computat ional ly  more e f f i c i e n t  

t han  t h e  s tandard  i terat ive procedure based on t h e  success ive  l i n e  

over - re laxa t ion  method. 

I n  t h i s  paper w e  s tudy  t h e  a p p l i c a t i o n  of t h e  pre- 
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1. INTRODUCTION 

The study of t r a n s o n i c  aerodynaroics has received cons ide rab le  

a t t e n t i o n  i n  t h e  r e c e n t  p a s t ,  t h i s  i s  due t o  t h e  f a c t  t h a t  modern 

t r a n s p o r t  a i r c r a f t s  ope ra t e  a t  t r a n s o n i c  speeds. The mathematical 

formulat ion of t h e  t r a n s o n i c  flow problem is  w e l l  known, bu t  i t s  

s o l u t i o n  i s  no t  s t r a igh t fo rward  t o  o b t a i n ,  because t h e  governing 

p a r t i a l  d i f f e r e n t i a l  equations a re  non l inea r  and of mixed type. 

The s t anda rd  numerical  procedure f o r  t r a n s o n i c  flow c a l c u l a t i o n s  

i s  based on the  success ive  l i n e  o v e r r e l a x a t i o n  method. However, 

no t  only does t h a t  method r e q u i r e  an  e s t i m a t i o n  of a r e l a x a t i o n  

parameter,  but i t  a l s o  s u f f e r s  from slow convergence as w e l l .  

Alrernazive computational procedures such as t h e  approximate 

f a c t o r i z a t i o n  methods have been suggested r e c e n t l y  [Holst  and 

Bal lhaus,  19791. These methods have beer. shown t o  provide f a s t e r  

convergence rates than t h e  successive l i n e  o v e r r e l a x a t i o n  method 

i f  a se t  of i t e r a t i o n  parameters i s  p rope r ly  determined. Moti- 

vated by the  d i f f i c u l t i e s  i n  choosing optimal parameters  a p r i o r i ,  

i t  i s  t h e r e f o r e  of s t r o n g  i n t e r e s t  t o  develop an e f f i c i e n t  and 

r e l i a b l e  method which does not  depend upon i t e r a t i o n  parameters.  

Two such methods are presented i n  t h i s  paper based on u s i n g  a 

p recond i t ion ing  technique w i t h  t h e  conjugate  g r a d i e n t  method. 

_ _ _  

We d i s c u s s  t h e  b a s i c  mathematical formulat ion f o r  t h e  

t r a n s o n i c  flow problem i n  s e c t i o n  2 ,  t h e  s t anda rd  r e l a x a t i o n  

method and the approximate f a c t o r i z a t i o n  methods i n  s e c t i o n  3 ,  

two i t e r a t i v e  procedures based on t h e  precondi t ioned con juga te  

g r a d i e n t  a lgo r i thms  i n  s e c t i o n  4 ,  computational r e s u l t s  in 

s e c t i o n  5, and f i n a l l y ,  concluding remarks are given i n  s e c t i o n  

6. 

The purpose of t h i s  paper is  t o  s tudy  t h e  a p p l i c a t i o n  of 

p recond i t ion ing  techniques t o  a c c e l e r a t e  t h e  rate of convergence 

of i t e r a t i v e  methods f o r  t r anson ic  flow problems. Because of 

space l i m i t a t i o n s ,  many important a s p e c t s  of t h e  numerical  solu- 

t i o n  f o r  t r a n s o n i c  flow c a l c u l a t i o n s  are no t  included.  
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2 .  TRANSOKIC FL.OW CALCLJLATIOES 

2 . 1  Mathematical Formulation 

The bas i c  d i f f e r e n t i a l  equat ion governing t h e  flow of an i n v i s c i d ,  

i s e n t r o p i c  f l u i d  i s  given by a k inemat i ca l  r e l a t i o n  r e p r e s e n t i n g  

the conservat ion o f  mass 

-? 
c * p q  = 0 

where 

- 
2 2 y-1 

p = <M,a Y 

1 

Here C i s  t h e  v e l o c i t y  p o t e n t i a l ,  P ,  t h e  d e n s i t y ,  Mm, t h e  Mach 

number a t  i n f i n i t y ,  a ,  t h e  l o c a l  speed of sound and y ,  t h e  r a t i o  

of s p e c i f i c  h e a t s .  

The t a n g e n t i a l  and wake boundary c o n d i t i o n s ,  and t h e  r equ i r e -  

ment t h a t  t h e  v e l o c i t y  vanishes  a t  i n f i n i t y ,  complete t h e  for-  

mulation of t h e  governing equat ion.  

For  a two-dimensional flow i n  C a r t e s i a n  coord ina te s ,  Equa- 

t i o n  [l] can be expressed i n  t h e  form 

This  i s  b o r n  as t h e  t r a n s o n i c  f u l l  p o t e n t i a l  equat ion.  I n  t h i s  

paper we s h a l l  c o n c e n t r a t e  on t h e  i t e r a t i v e  s o l u t i o n  of Equation 

[ 2 ] .  From t h e  mathematical  p o i n t  of v i e w ,  t h e  main d i f f i c u l t i e s  

a s soc ia t ed  wi th  Equation 123 are as fo l lows :  

(a) t he  equat ion is  n o n l i n e a r ,  where P i s  a f u n c t i o n  of @ X and 

(b) 

subsonic r eg ions  t o  hype rbo l i c  i n  supe r son ic  r e g i o n s ,  and t h e  

boundary between t h e s e  r e g i o n s  i s  n o t  known. 

(c) 
which may e x i s t  i n  t h e  flow. 

t h e  equat ion i s  of m i x e d  type: i t  changes from e l l i p t i c  i n  

t h e  equat ion admits d i scon t inuous  s o l u t i o n s  such as shocks 
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3 

(d) 

equa t ion ,  and an a d d i t i o n a l  condi t ion must be introduced i n  

o rde r  t o  e l i m i n a t e  t h e  expansion shocks s i n c e  they  are p h y s i c a l l y  

meaningless. 

both compression and expansion shocks a re  a d n i t t e d  by t h e  

_- - -  _ _  
For low Mach numbers (i”i<l) t h e  flow i s  completely subsonic,  

and f o r  high Mach numbers ( M > 1 )  t h e  flow i s  completely super- 

son ic  ( f o r  a i r f o i l s  with sharp l e a d i n g  and t r a i l i n g  edges) .  

Figure 1 shows a t y p i c a l  t r anson ic  flow around an a i r f o i l .  

F I G U E  1. Transonic flow around an a i r f o i l .  

2 . 2  Numerical Procedures 

It w a s  f i r s t  suggested by Murman and Cole [19711 t h a t  a type- 

dependent f i n i t e  d i f f e r e n c e  scheme could be used f o r  t r a n s o n i c  

flow c a l c u l a t i o n s .  I n  t h e i r  method c e n t r a l  d i f f e r e n c e s  are used 

i n  subsonic  r eg ions ,  and upwind d i f f e r e n c e s  are used i n  t h e  super- 

s o n i c  regions.  It should be noted t h a t  a n  a r t i f i c i a l  v i s c o s i t y  

i s  e f f e c t i v e l y  introduced by using t h e  upwind b i a sed  scheme i n  

t h e  supersonic  r eg ions ,  which i n  t u r n ,  i s  needed t o  e l i m i n a t e  

t h e  expansion shocks. 

Another method, namely the a r t i f i c i a l  d e n s i t y  method [Hafez, 

South and Murman, 19781, has r e c e n t l y  been proposed where an 

a r t i f i c i a l  v i s c o s i t y  i s  easi ly  implemented. I n  t h i s  method t h e  

t r a n s o n i c  p o t e n t i a l  equat ion [Z] i s  r e w r i t t e n  i n  t h e  form 

where 
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- 
p = c - P F s h S  , 

2 2  ~ = m a x ( O , l - a / q ) .  

Here c ,  a and q a r e  de f ined  as i n  Equat ion [l]. The term psAS 
i s  the product of t h e  stremxise d e n s i t y  g r a d i e n t  and t h e  s t e p  

l e n g t h  along a s t r eaml ine .  

a d i s s i p a t i v e  term when c o r r e c t  d i f f e r e n c i n g  i s  app l i ed .  

been shown t h a t  r e t a r d i n g  t h e  d e n s i t y  produces t h e  same e f f e c t  

as t h e  a r t i f i c i a l  v i s c o s i t y  in t roduced  by t h e  type-dependent 

schemes [Hafez, South and Murman, 19781.  

The u s e  of c in Equation [ 3 ]  produces 

It has  

Using the  a r t i f i c i a l  d e n s i t y  method, a central  d i f f e r e n c e  

approximation can be app l i ed  t o  t h e  modif ied equat ion  [ 3 ]  regard-  

less of whether t h e  r eg ion  i s  subsonic  o r  supersonic .  An immedi- 

a te  consequence of t h i s  i s  t h a t  t h e  r e g u l a r  s t r u c t u r e  of t h e  

ma t r ix  equat ion which r e s u l t s  from t h e  d i s c r e t i z a t i o n  of t h e  

l i n e a r i z e d  t r a n s o n i c  equat ion  i s  preserved .  

t h a t  t h i s  p rope r ty  w i l l  be  des t royed  when an a r t i f i c i a l  v i s c o s i t y  

i s  e x p l i c i t l y  used. 

dens i ty  method is used in t h i s  paper .  

It should be noted  

Because of t h i s  advantage t h e  a r t i f i c i a l  

3 .  ITERATIVE PROCEDURES 

Assuming t h e  d e n s i t y  ; i s  known from the previous  i terat ion,  a 
- 

c e n t r a l  d i f f e r e n c e  approximation t o  Equation [ 3 ]  is given  by 

+ 
X 

where D; and D 

ope ra to r s  i n  t h e  x-d i rec t ion ,  t hey  are de f ined  as fol lows.  

a re  t h e  s t anda rd  backward and forward d i f f e r e n c e  



3 

J 
+ 

S i m i l a r  d e f i n i t i o n s  are given f o r  D- and D . 
,Y Y 

The s o l u t i o n  of t h e  continuous problem i s  t h u s  reduced t o  

the  s o l u t i o n  of t h e  fol lowing ma t r ix  equat ion 

where A is  a symmetric p o s i t i v e  d e f i n i t e  matrix, whose elements 

are c a l c u l a t e d  from t h e  previous s o l u t i o n  $-. 
n 

A simple way t o  so lve  Equation [ 5 ]  i s  by a f i r s t  degree 

i t e ra t ive  scheme 

. n  n 
161 09 = - -rr 

n where 6+n = +n+l - +n , r = b - A(+”) +n , and ‘I is a n  i t e r a t i o n  

pa r  amet er . 
The s imple i t e r a t ive  scheme [ 6 ]  can be regarded as an itera- 

n 
t i o n  i n  pseudo-time, where the term 6 4  produces a time-step 

level of t h e  scheme. I f  T = At/a then Equation [ 6 ]  i s  a discre- 

t i z a t i o n  f o r  t h e  equat ion 

Note t h a t  t h i s  scheme w i l l  converge f o r  subsonic  f low mainly. In  

o rde r  t o  o b t a i n  convergence f o r  a t r a n s o n i c  f low a +xt term must 

be included i n  t h e  l e f t  hand s i d e  o f  Equation 171. 

South, 19791. 

[Hafez and 

In o rde r  t o  accelerate t h e  convergence of t h e  i terat ive 

scheme, a precond i t ion ing  matrix M, can be introduced.  The pre- 

conditioned v e r s i o n  of Equation [61 i s  
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n M6e = - T r  

It i s  not hard t o  s e e  t h a t  t h e  ma t r ix  M d e t e r n i n e s  t h e  ra te  a t  

wnich the i t e r a t i v e  scheme converges. General ly  speaking, i f  M 

is  a good approximation of A, t hen  a f a s t  convergence rate can 

be expected. 

To implement t h e  precondi t ioned scheme [ 8 ]  e f f e c t i v e l y ,  t h e  

m a t r i x  K must be e a s i l y  i n v e r t i b l e .  

f a c t o r  M such t h a t  

A common approach i s  t o  

M = M1M2 [93 

and t h e  product of t h e  f a c t o r s  i s  an approximation t o  A. Further- 

more, >I and M should have a simple s t r u c t u r e ,  such as a tri- 

angu la r  matr ix  o r  a t r i d i a g o n a l  matrix. 
1 2 

We show t h a t  t h e  success ive  l i n e  o v e r r e l a x a t i o n  method 

a n d  t h e  approximate f a c t o r i z a t i o n  methods can be desc r ibed  by 

t h e  i t e r a t i v e  scheme [ 8 ] .  The main d i f f e r e n c e  between t h e s e  

methods i s  i n  t h e  choice of t h e  p recond i t ion ing  m a t r i x  M, and 

consequently,  d i f f e r e n t  rates of convergence r e s u l t .  

3.1 Successive Line Overrelaxat ion (SLOR) Method. 

The SLOR method has been regarded as t h e  s t anda rd  i t e r a t i v e  pro- 

cedure f o r  t r a n s o n i c  flow c a l c u l a t i o n s .  The SLOR a lgo r i thm can 

b e  expressed by Equation [ 8 ]  , where 

It should b e  noted t h a t  t h e  scheme i s  semi- implici t ,  i n  t h e  sense 

t h a t  i t  is e x p l i c i t  i n  t h e  x -d i r ec t ion ,  and i s  i m p l i c i t  in t h e  

y -d i r ec t ion  where an i n v e r s i o n  of a t r i d i a g o n a l  m a t r i x  equat ion 

f o r  a given va lue  of i i s  r equ i r ed .  

Equation [lo] gene ra t e s  a q term, which i s  needed f o r  t h e  con- 

vergence i n  t h e  supersonic  regions.  

No t i ce  that  D;&$ i n  
i , j  

xt  

* 

t 



Although t h e  SLOR algorithm i s  r e l i a b l e  f o r  t r a n s o n i c  flow 

c a l c u l a t i o n s ,  i t s  convergence r a t e  i s  slow f o r  many p r a c t i c a l  

problems. 
i m p l i c i t  scheme can be f a s t e r  than t h a t  of a semi- implici t  

o r  e x p l i c i t  i t e r a t i o n  scheme. I n  t h e  fo l lowing ,  d i f f e r e n t  pre- 

cond i t ion ing  ma t r i ces  M are s tud ied ,  t h e i r  choice w i l l  m a k e  t h e  

i t e r a t i v e  scheme descr ibed in [SI become f u l l y  i m p l i c i t .  

It is known t h a t  the ra te  of convergence of a fully 

3 . 2  A l t e r n a t i n g  D i r e c t i o n  I m p l i c i t  (ADI) Method. 

Using t h e  s tandard AD1 scheme the  m a t r i x  M can be cons t ruc t ed  as 
f o  1l.axs 

where c i s  an i t e r a t i o n  parameter. 

It is e a s i l y  seen t h a t  the scheme i s  f u l l y  i m p l i c i t .  Multi- 

p ly ing  t h e  f a c t o r s  i n  Equation [ll], it  g i v e s  

+ D-p Y i , j +  D+)  Y 69 i , j  

Thus M i s  an approximation t o  the  o r i g i n a l  problem, and t h e  f i r s t  

two terms i n  t h e  b racke t  represent  t h e  e r r o r s  a s s o c i a t e d  w i t h  t h e  

AD1 scheme. It should b e  noted t h a t  t h e r e  i s  no #I term in 

t h i s  scheme, i n s t e a d  t h e  f i r s t  e r r o r  term a& 

term i n  t h e  i t e r a t i o n .  

x t  
t produces a 9 

i , j  

3 . 3  Approximate F a c t o r i z a t i o n  (AF) Method. 

The AF method w a s  f i r s t  s tudied by Ballhaus and S tege r  [19751 f o r  

t h e  t r a n s o n i c  small disturbance equat ion,  and i t  subsequent ly  

w a s  app l i ed  t o  t h e  t r a n s o n i c  f u l l  p o t e n t i a l  equa t ion  by Holst  and 

Bal lhaus [1979]. I n  t h e  AF scheme t h e  matrix M i s  chosen as fo l lows  
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Mult iplying t h e  f a c t o r s  of M g ives  

It i s  i n p o r t a n t  t o  n o t e  t h a t  u n l i k e  t h e  AD1 scheme t h e  f i r s t  

e r r o r  term aD-6c i n  Equation [ 1 4 ]  does produce a @ term i n  

t h e  i t e r a t i o n .  
x i , j  xt  

I n  a d d i t i o n  t o  t h e  r e l a x a t i o n  parameter T a s s o c i a t e d  wi th  

t h e  i t e r a t i v e  scheme [ 8 ] ,  both AD1 and A€ methods r e q u i r e  an  

e s t ima t ion  of t h e  parameter a. It has been found t h a t  t h e  high- 

frequency and low-frequency e r r o r s  can be reduced e f f e c t i v e l y  by 

choosing a s u i t a b l e  sequence f o r  a .  

Computational experiments show that t h e  AD1 scheme p rov ides  

an e x c e l l e n t  convergence ra te  for subsonic  flow c a l c u l a t i o n s .  

However, i t  i s  d i f f i c u l t  t o  o b t a i n  convergence f o r  cases of 

t r anson ic  flows. 

g r i d s  has been observed [South,  19811. On t h e  o t h e r  hand, t h e  

AF scheme g i v e s  a good convergence ra te  f o r  t r a n s o n i c  flows pro- 

Divergence of t h e  AD1 scheme on nonuniform 

vided t h e  v a l u e s  of 'i and a are p rope r ly  chosen. 

of t h e  AF scheme i s  a s s o c i a t e d  with t h e  f a c t  that  

which i s  needed f o r  convergence in t h e  supersonic  

cluded i n  t h i s  scheme. 

It should be mentioned t h a t  ano the r  i m p l i c i t  

The key success  

term 
a +xt 
r e g i o n s  i s  in- 

ap p r  oxima t e 

f a c t o r i z a t i o n  scheme has r e c e n t l y  been i n v e s t i g a t e d  by Sankar 

et  a1  [198l], i n  which t h e  f a c t o r s  of M a r e  based on using t h e  

s t rong ly  i m p l i c i t  procedure [Stone, 1968 J . L i k e  t h e  AF method 
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t h e  s t r o n g l y  i m p l i c i t  procedure a l s o  r e q u i r e s  an e s t ima t ion  of 

a sequence of parameters a. 

4 .  PRECONDITIONED CONJUGATE GRADIENT METHOD 

I n  t h e  previous s e c t i o n  we have desc r ibed  s e v e r a l  i t e ra t ive  pro- 

cedures f o r  t r a n s o n i c  flow ca lcu la t ions .  A l l  of t h e s e  methods 

can be regarded as us ing  a precondi t ioning technique f o r  a f i r s t -  

degree i t e r a t i v e  scheme, The main d i f f i c u l t y  i n  t h e  a p p l i c a t i o n  

of t h e s e  schemes e f f i c i e n t l y  is t h e  requirement of choosing 

optimal parameters f o r  T and a. It should be pointed out  t h a t  

improper va lues  f o r  t h e s e  parameters would l e a d  t o  a slow con- 

vergence or  even a divergence f o r  t h e  i t e ra t ive  scheme. To over- 

come t h i s  d i f f i c u l t y  w e  s h a l l  now consider  t h e  method of conju- 

g a t e  g r a d i e n t s  (CG). 

The CG method w a s  f i r s t  proposed by Hestens and S t i e f e l  

119523 f o r  s o l v i n g  a symmetric and p o s i t i v e  d e f i n i t e  system of 

l i n e a r  equat ion.  The basic CG a lgo r i thm f o r  t h e  s o l u t i o n  of 

Equation [SI i s  as follows. 
0 

L e t  I$ be an a r b i t r a r y  vec to r ,  compute 

ro = b - A$' , po = ro 

Then f o r  n-0, 1, 2 ,  ..., compute 

where 
= ( r n , r n > /  ( p n , ~ p n )  n 

n+l  n+l n 
P = r + Bnp 

where 
B~ = ( r  n+ l  , rn+l > / ( r n , r n >  
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Note t h a t  no e s t ima t ion  of i t e r a t i o n  parameters  is requ i r ed  i n  

t h e  CG a lgori thm. 

t h i s  method can be f o m d  i n  Reid [1971]. 

Other  important  p r o p e r t i e s  and f e a t u r e s  o f  

The CG a lgor i thm given i n  Equat ions [15] can be r e w r i t t e n  

i n  the fol lowing three-terms r e c u r r e n c e  re la t ion 

ll 

or  

2 n+l  6 b + W ~ Q  = - n r  

Clear ly  i t  is  a second-degree i terat ive scheme. If Bn=O 

f o r  a l i  n,  Equation [16] t hen  reduces  t o  a f i r s t  degree  scheme. 

Over t h e  last few y e a r s  t h e  p recond i t ion ing  technique  has  

been s u c c e s s f u l l y  app l i ed  wi th  t h e  CG a lgo r i thm f o r  s o l v i n g  l a r g e  

sparse sys t ems  of  l i n e a r  equa t ions  [Evans, 1967; Axelsson, 1974; 

Mei je r ink  a n d  van d e r  Vors t ,  1976; Wong, 1979, etc.]. Le t  M be 

t h e  precondi t ion ing  matrix, and cons ide r  the system 

The precondi t ioned  CG (PCG) a lgo r i thm f o r  Equat ion [17]  is  as 

f 0 llows . 
0 L e t  G be  an  a r b i t r a r y  v e c t o r ,  compute 

r 0 = b - A @ O ,  

0 Solve  M Z O  = ro , Se t  po = z 

Then f o r  n = 0 ,  1, 2,  ... compute 

k 

L4 

n+l n n Q = Q  + a n  
nc 



r 

J 

where 

c = ( rn ,zn)  / (pn,Apn) n 

n+l Solve = r 

n+l - n+l  n 
P - z + BnP 

n+l  Zn+l 
where = (r , ) / ( r n , z n ) .  

The PCG algori thm can be viewed as a p recond i t ion ing  ve r s ion  

of a second-degree i t e r a t i v e  scheme, namely 

Note t h a t  a t  each s t e p  i n  t h e  PCG algori thm, t h e  s o l u t i o n  

I n  o r d e r  t o  s o l v e  t h i s  of t he  l i n e a r  system Mz=r i s  required.  

mat r ix  equat ion e f f i c i e n t l y ,  M i s  u s u a l l y  chosen t o  be t h e  product  

of M1M2 as def ined i n  [ 9 ] .  Dif fe ren t  f a c t o r i z a t i o n  f o r  t h e  matrix 
M l e a d  t o  d i f f e r e n t  PCG algori thms.  

I n  t h i s  paper w e  s h a l l  consider two types of p recond i t ion ing  

matrices, in which M is  an approximate f a c t o r i z a t i o n  of A and 

M=M M 

(a)  Row-sum agreement f a c t o r i z a t i o n  [Wong, 19791. I n  t h i s  

f a c t o r i z a t i o n  t h e  fo l lowing  cond i t ions  a r e  s a t i s f i e d :  

1 2 '  

where 5 and M are 
1) m l ) i y j = ( q i , j  and @2)i,j=bf,)i,j 2 
a lower and upper t r i a n g u l a r  matrices r e s p e c t i v e l y ,  and M1 and 

3 have nonzero elements only i n  those  p o s i t i o n s  which correspond 

t o  t h e  nonzero elements i n  the lower o r  upper t r i a n g u l a r  p a r t  of 

A. 

11) For Ai .#O and i# j  , Mi, j=A i.e. t h e  off-diagonal  ele- 

ments of M whose l o c a t i o n s  correspond t o  t h e  nonzero off-diagonal  

elements of A are set t o  those values .  

111) The row-sums of M a r e  t h e  same as t h o s e  of A. 

(b) Symmetric success ive  o v e r r e l a x a t i o n  (SSOR) p recond i t ion ing  

[Axelson, 1974 3 .  

YJ i , j  
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Let A be w r i t t e n  i n  t h e  form 

A = D  - L - U 
where D is  a diagonal  ma t r ix ,  and L and U are s t r i c t l y  lower and 

upper t r i a n g u l a r  matrix r e s p e c t i v e l y ,  t hen  t h e  p recond i t ion ing  

ma t r ix  M can be expressed by 

M =  (D-oL) D-I (D-wU) 
(L\ (2-u) 

where ir i s  a r e l a x a t i o n  parameter.  The ra te  of convergence of 

t h e  PCG method i s  not  as s e n s i t i v e  as t o  choice of u i n  t h e  SOR 

iter a t  i v e  scheme . 
Since t h e  t r a n s o n i c  p o t e n t i a l  equa t ion  [ 2 ]  i s  n o n l i n e a r  i n  

n a t u r e ,  t h e  s o l u t i o n  of a non l inea r  system of a l g e b r a i c  equa t ions  

i s  r equ i r ed .  The s o l u t i o n  of t h i s  n o n l i n e a r  problem can be 

obtained by s o l v i n g  a sequence of l i n e a r i z e d  systems of equa t ions ,  

however, t h e  m a t r i c e s  generated by t hese  l i n e a r i z e d  systems are 

d i f f e r e n t  f o r  each i t e r a t i o n  s t e p .  I n  t h e  problem considered 

h e r e ,  t h e  ma t r ix  equat ion i s  modified according t o  t h e  s o l u t i o n  

obtained from che previous i t e r a t i o n .  Consequently, t h e  pre- 

condi t ioning m a t r i x  M w i l l  va ry  from i t e r a t i o n  t o  i t e r a t i o n .  The 

requirement f o r  c a l c u l a t i n g  t h e  f a c t o r i z a t i o n s  of M a t  each 

i t e r a t i o n  s t e p  w i l l  i n c r e a s e  t h e  computational work cons ide rab ly ;  

t h u s ,  i t  would b e ' v e r y  advantageous t o  choose a p r e c o n d i t i o n i n g  

ma t r ix  independent of t h e  i t e r a t i o n  s t e p .  

Recal l  t h a t  t h e  ma t r ix  A i n  Equation [ 5 ]  corresponds t o  t h e  

f i n i t e - d i f f e r e n c e  approximation t o  

. 

Now consider another  matr ix  B which r e s u l t s  from t h e  d i s c r e t i z a -  

t i o n  f o r  t h e  fo l lowing  o p e r a t o r  
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L e t  t h e  p recond i t ion ing  matr ix  M be an approximate f a c t o r i z a t i o n  

t o  B i n s t e a d  of A, wi th  

- 
where M is a diagonal  ma t r ix  whose elements are given by 

and t h e  product of M M i s  an approximation t o  t h e  ope ra to r  

(axx+a ). 

t h e  row-sum agreement f a c t o r i z a t i o n  o r  t h e  SSOR precond i t ion ing ,  

a n d  t h e s e  v a l u e s  remain unchanged throughout t h e  c a l c u l a t i o n s .  

1 

2 3  
The elements o f  M2 and M3 can be computed by e i t h e r  

YY 

The p recond i t ion ing  based on 1221 and [21] does not  i n c l u d e  

a qxt term i n  the  i t e r a t i v e  scheme. 

t h a t  i t  i s  a d i f f e r e n c e  approximation t o  

However, i f  B i s  modified so 

t 231 

where E i s  a parameter t o  be discussed s h o r t l y .  Then a 6 term 

i s  introduced.  The precondi t ioning ma t r ix  M i s  def ined i n  Equa- 

t i o n  [22], where 5 i s  t h e  diagonal ma t r ix  deno t ing  t h e  d e n s i t y  

elements a t  each g r i d  p o i n t ,  the product M2M3 i s  an approximate 

x t  

f a c t o r i z a t i o n  t o  ( a  + a + ‘ax). 
= Y Y  

I n  t h i s  paper two i t e r a t i v e  procedures  based on PCG methods 

are i n v e s t i g a t e d .  

(a)  SLOR + CG scheme 

This  i s  a combination of t h e  SLOR scheme and the PCG algori thm, 

t h e  p recond i t ion ing  ma t r ix  i s  based on [21] and (221. The re- 
l a x a t i o n  s t e p  i s  needed f o r  convergence i n  cases of t r a n s o n i c  

f lows because t h e  PCG algori thm wi th  t h e  f a c t o r i z a t i o n  given 

in [211 and I221 does not  i nc lude  a +xt t e r m .  

proposed by Jameson [1976], i n  which a r e l a x a t i o n  scheme and a 

f a s t  s o l v e r  are used. However, t h e r e  are many advantages i n  

us ing  t h e  CG method over t h e  fast s o l v e r  r o u t i n e :  

I) 
computational domain. 

The p r e s e n t  combined i t e ra t ive  scheme i s  similar t o  that 

There i s  no r e s t r i c t i o n  on t h e  g r i d  in any d i r e c t i o n  i n  t h e  
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11) 
lem i s  o f  i n t e r e s t ,  i t  is  s u f f i c i e n t  t o  use  a small number of 

i t e r a t i o n s  i n  t h e  PCG algori thm f o r  t h e  s o l u t i o n  of t h e  l i n e a r i z e d  

system. 

Since only t h e  o v e r a l l  convergence f o r  t h e  n o n l i n e a r  prob- 

This iri t u r n  p rov ides  a cons ide rab le  sav ing  i n  t h e  com- 

p u t a t i o n a l  work. 

111) The PCG algori thn:  can be e a s i l y  

dimensional problems. 

(b) PCG scheme 

Kith t h e  modified approximate f a c t o r  

extended f o r  three- 

z a t i o n  [22 ]  and [ 2 3 ] ,  a 

term i s  e x p l i c i t l y  included.  Consequently a convergence f o r  qxt 
t h i s  purely PCG scheme f o r  subsonic  and t r a n s o n i c  flow c a l c u l a -  

t i o n s  can be ensured. 

Note t h a t  i f  t h e  parameter E i n  [23 ]  i s  a non-zero c o n s t a n t ,  

then a q term w i l l  be  introduced i n  both subsonic  and supe r son ic  

r eg ions .  The axt term i s  needed f o r  convergence i n  t h e  supe r son ic  

region only; however, i t s  presence in t h e  subsonic  r e g i o n s  may 

decrease t h e  convergence r a t e  of t h e  i t e r a t ive  scheme. To over- 

come t h i s  problem, E i s  chosen as fo l lows  

x t  

where 
1- 1-: = max(0, 1 - -) , 
M2 

n 

a2 and q2 a r e  def ined i n  Equat ions [l] and [ 2 ] .  The parameter 

u can be regarded as a swi t ch ing  f u n c t i o n ,  such t h a t  E is z e r o  

i n  subsonic r eg ions  bu t  nonzero i n  supe r son ic  regions.  With t h i s  

d e f i n i t i o n  f o r  E ,  t h e  f a c t o r i z a t i o n  of M must be modified accord- 

i n g  t o  the development of t h e  supe r son ic  r eg ions .  However, i t  i s  

s u f f i c i e n t  t o  update  t h e  approximate f a c t o r i z a t i o n  f o r  every k 
s t e p ,  and k5 will be used in t h e  numerical  experiments r e p o r t e d  
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i n  t h e  next  s e c t i o n .  

5 .  COMPUTATIONAL RESULTS 
I n  o r d e r  t o  compare t h e  performance of t h e  PCG methods and t h e  

s tandard i t e r a t i v e  procedure based on t h e  SLOR method, two test  

problems f o r  t r a n s o n i c  p o t e n t i a l  c a l c u l a t i o n s  around a c i r c u l a r  

c y l i n d e r  and NACA 0 0 1 2  a i r f o i l  a r e  examined. P a r t i c u l a r  a t t e n -  

t i o n  i s  focused on the  comparison of rates of convergence f o r  

subsonic and t r a n s o n i c  flow problems. The CPU times i n  seconds 

on t h e  CYBER-175 computer a r e  a l s o  r epor t ed .  I n  a l l  cases t h e  

maximum r e s i d u a l ,  R i s  used t o  measure t h e  convergence of 

t h e  i t e r a t i v e  process .  
m a x  ’ 

Precond i t ion ing  techniques based on t h e  SSOR method and t h e  

row-sum agreement f a c t o r i z a t i o n  have been compared, and t h e  con- 

vergence ra te  of t h e  former is slower than  t h a t  of t h e  lat ter 

f o r  a l l  problems t e s t e d .  Thus t h e  r e s u l t s  f o r  t h e  PCG method 

p resen ted  h e r e  w i l l  be based on t h e  row-sum agreement f a c t o r i z a -  

t i o n  t o  determine t h e  p recond i t ion ing  matrix M. 

5.1 Flow Ca lcu la t ions  Around a C i r c u l a r  Cyl inder  

The SLOR and t h e  combined SLOR + CG methods are compared. 

61x31 g r i d  i s  used i n  a l l  cases  with a uniform mesh i n  t h e  6- 

d i r e c t i o n  and a 15 pe rcen t  s t r e t c h i n g  i n  t h e  r -d i r ec t ion .  

Figures  2 and 3 show t h e  rates of convergence of t h e  two methods 

f o r  subsonic  and t r a n s o n i c  cases r e s p e c t i v e l y .  The p r e s s u r e  

d i s t r i b u t i o n s  around t h e  c i r c u l a r  c y l i n d e r  are p l o t t e d  i n  F igu re  

4 .  Figure  5 shows t h e  rates of convergence f o r  d i f f e r e n t  v a l u e s  

of w, t h e  r e l a x a t i o n  parameter i n  t h e  SLOR method. Note t h a t  

t h e  convergence f o r  t h e  combined SLOR + CG method i s  almost t h e  

same f o r  a wide range of w. 

A 

5 . 2  Flow Ca lcu la t ions  Around NACA 0012 A i r f o i l  a t  Zero Angle of 

Attack 

A 61x31 g r i d  i s  used i n  a l l  c a l c u l a t i o n s ,  and t h e  Mach number 
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M CD 50.6 corresponds t o  a subsonic  f low,  w h i l e  Mm=0.85 corresponds 

t o  a t r a n s o n i c  f l o x .  F igu res  6 and 7 show a comparison of t h e  

SLOR and SLOR + CG methods f o r  two d i f f e r e n t  g r i d  systems,  I n  

Figure 6 a highly s t r e t c h e d  g r i d  is  used which corresponds t o  

s t r e t c h i n g  t h e  p h y s i c a l  domain from -00 t o  So, in t h e  x -d i r ec t ion  

and from 0 t o  SOD in t h e  y-direct ion.  I n  c o n t r a s t ,  F igu re  7 cor- 

responds t o  a f i n i t e  p h y s i c a l  domain, i n  which uniform g r i d s  are 

used i n  both x- and y -d i r ec t ions .  It i s  clear t h a t  t h e  combined 

SLOR + CG method is  n o t  s e n s i t i v e  t o  t h e  s t r e t c h e d  g r i d s .  F igu re  

8 shows t h e  r e s u l t s  f o r  t h e  p u r e l y  PCG method. The corresponding 

p res su re  d i s t r i b u t i o n s  are shown i n  F igu re  9.  

6. CONCLUSIOX 

I t e r a t i v e  procedures  f o r  subsonic  and t r a n s o n i c  f l o w  c a l c u l a t i o n s  

have been s t u d i e d  i n  t h i s  paper.  It appears  t h a t  c u r r e n t  exist- 

i n g  procedures,  which inc lude  t h e  SLOR, ADI, AF methods, can be 

regarded as t h e  a p p l i c a t i o n  of a p recond i t ion ing  t echn ique  t o  a 

f i r s t  degree i t e r a t i v e  scheme. 

e s t ima t ion  of i t e r a t i o n  parameters  i n  o rde r  t o  o b t a i n  an opt imal  

convergence rate.  On t h e  o t h e r  hand, we show t h a t  t h e  PCG algo- 

r i t hm provides a second degree i t e r a t i v e  scheme, i n  which no 

e s t ima t ion  of any parameter i s  needed. 

provides  t h e  b a s i s  f o r  an e f f i c i e n t  and r e l i a b l e  i t e r a t ive  proce- 

dure.  Even for t h e  case  of t h e  SLOR + CG scheme, t h e  convergence 

of t h i s  combined method i s  no t  s e n s i t i v e  t o  t h e  r e l a x a t i o n  para- 

meter a s  i s  t h e  case  f o r  t h e  SLOR scheme. For a l l  problems 

tested h e r e ,  t h e  PCG methods provide f a s t e r  rates of convergence 

than  the SLOR method. 

cases, and g ives  a modest improvement f o r  t r a n s o n i c  cases as 

w e l l .  It should be mentioned t h a t  t h e  PCG methods have a l s o  

been t e s t e d  f o r  t r a n s o n i c  f i n i t e  element c a l c u l a t i o n s  wi th  s i m i -  

l a r  success  [Wong and Hafez, 19811. It is  important t o  n o t e  t h a t  

t h e  p re sen t  PCG methods are n o t  s e n s i t i v e  t o  t h e  s t r e t c h e d  g r i d s ,  
and t h e i r  power i n c r e a s e s  d e n  a f i n e r  g r i d  i s  used and when a 

A l l  t h e s e  methods r e q u i r e  an 

T h i s  p a r t i c u l a r  f e a t u r e  

They g ive  e x c e l l e n t  r e s u l t s  f o r  subsonic  
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h ighe r  accuracy i s  requi red .  It holds  promise f o r  3D c a l c u l a t i o n s  

as w e l l ,  
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